The Multiple Encounters Problem is described in the literature as the problem of finding trajectories for a spacecraft that leaves from a mother planet, describes a trajectory in the interplanetary space, and then goes back to the mother planet. The present paper extends the literature and the departure and arrival angles of the spacecraft are generalized to be nonsymmetrical. The solutions are shown in terms of the true (]) and eccentric anomaly ( ). The velocity variation (Δ ) required for the transfer is also shown. Then, this study is generalized to consider the possibility that the spacecraft makes a close approach with the mother planet to change its energy in the return trip. The velocity (Δ ) and energy variation (Δ ) due to this passage are obtained. The topics studied here can be applied in missions that leave and come back to the Earth, with the goal of studying the interplanetary space, as well as for missions whose objective is to make an alteration in the energy of the space vehicle through a swing-by with the mother body.
Introduction
The literature is extensive with respect to problems involving transfer orbits and optimal spacecraft maneuvers. Goddard [1] , in 1919, was a pioneer in studying the problem of transferring a spacecraft between two points. In his research, approximated solutions are proposed for the problem of sending a rocket to high altitudes minimizing the fuel consumed. Regarding orbital transfers, a classic work was made by Hohmann [2] , in 1925. The problem of transferring a spacecraft between two coplanar circular orbits with free time around a central force field (Newtonian) was studied, obtaining as a solution a bi-impulsive elliptical transfer orbit. This solution is used even today, for a first mission analysis, and was considered as the final solution of the problem up to the year 1959, when Shternfeld [3] and Hoelker and Silber [4] showed that a three-impulsive transfer is more economical, depending on the final and initial orbits involved. Several other papers studying impulsive maneuvers to change the orbit of a spacecraft can be found in [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Later, the idea of a nonimpulsive thrust was considered to solve this orbital maneuver problem. Lawden [20, 21] described a theoretical complete solution for the problem of orbital transfer between two points with minimum fuel consumption. This problem received the name "Lawden's Problem" due to its commitment to solve it. He introduced a new concept, "the primer vector, " which is the Lagrange multiplier associated with the velocity vector, to find a necessary condition for optimal impulsive trajectories according to the magnitude of this vector. After that, many results appeared in the literature related to this type of maneuvers, as shown in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] .
Regarding the Multiple Encounters Problem, it was introduced in the literature by Hénon [35] , in 1968, that studied a maneuver where the spacecraft starts its motion in a mother body and then returns to this same body, after a journey in a different trajectory with respect to this mother body. He demonstrated that the solution can be reduced to simple algebraic equations. This maneuver became known as "Hénon's Transfer" (Prado and Broucke [36, 37] ). Orbits of this type were also examined by Bruno [38] , Perko [39] , and Hitzl and Hénon [40, 41] considering the circular restricted three-body problem as the mathematical model. In particular, [40, 41] investigated the importance of the role of the Jacobian constant in families of orbits for the case = 0 and the stability in the vicinity of the orbits with = 0, where is the mass of the secondary body in canonical units. They sought to find consecutive meetings between 3 and the orbit of 2 in the restricted three-body problem for the case = 0. Later, Howell [42] generalized this study to include elliptical orbits for the primaries, and Santos [43] and Santos et al. [44] considered angles with different magnitudes for the initial and final points of the transfer.
The problem studied here is the transfer of a spacecraft from one body back to the same body, with a possible swing-by in the return passage of the spacecraft. There are numerous applications of this problem, such as (i) to transfer a spacecraft from the Earth to an interplanetary trip and then back to the Earth, without the need of maneuvers during this process, implying the optimization of the fuel consumption; (ii) to transfer a spacecraft from the Moon, which may include a passage by the Earth, and then put it back on the Moon; (iii) rendezvous maneuvers, when one desires that the space vehicle stands alongside another spacecraft; (iv) to maneuver the spacecraft so that it leaves and return to the Earth to perform a swing-by to change its energy, and then go to the outer Solar System; (v) to move a spacecraft that is around a planet, like Jupiter, to another location in the Solar System or even out to the interstellar space.
For these last two applications, it is necessary to combine the Multiple Encounters Problem with the gravity assisted maneuvers. This type of maneuver is used very often in interplanetary trajectories. It uses a close approach with a celestial body to change the orbit of a spacecraft. References [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] show some applications of that problem. Details of the combination of those two problems are better explained later in this paper.
Description of the Multiple Encounters Problem
To describe the Multiple Encounters Problem, let us call 1 and 2 the two primary bodies of the system, with masses (1 − ) and , respectively. 2 is in a circular orbit (in the original version of the problem studied by Hénon [35] ) or in an elliptical orbit (in the extension made by Howell [42] ) around 1 . Hénon [35] studied this problem and published solutions for the case of circular orbits. Howel [42] published solutions for the elliptic case, where the transfers were symmetrical with respect to the periapsis. Prado and Broucke [36, 37] also published solutions for this problem, in the same situations, using the Lambert method to solve the problem. The spacecraft 3 (the third body) leaves 2 at the point ( = 0 ), follows a trajectory around 1 , and then meets again with 2 , at the point ( = ), where 0 , ∈ [0, 2 ] with > 0 (Figure 1 ). The literature usually studied this problem under the condition = − 0 , but now this study is extended to consider the cases where 0 and are not necessarily symmetrical [43] . A priori, it is assumed that 2 = 0 (disregard the effects of the attraction of 2 on 3 ), which reduces the problem of three bodies to the two-body problem. So, it is possible to use Kepler's equations in the development of the solutions. Two impulses will be used to perform the transfer maneuver; the first one makes the spacecraft to leave the mother body, and the second one is used to capture the spacecraft again. Figure 1 illustrates this situation, where the --system of reference is any inertial system. The 3 body does not escape from the gravitational attraction of 1 and has negligible mass.
Lambert's problem can be formulated as follows. "Find an unperturbed orbit under the mathematical model given by a law that works with the inverse square of the distance (Newtonian formulation), that connects two given points and , with the transfer time (Δ ) specified. " In the literature, several researchers have solved this problem using distinct formulations. From a geometrical analysis of the problem [36, 37] , it is possible to write the equations shown next.
(i) The position coordinates of 2 are defined as (assuming circular orbits, in the geocentric system)
(1)
(ii) The position coordinates of 3 are defined as (assuming coplanar elliptic orbits) 3 = (cos ( ) − ) ,
where ( , , and ) are the Keplerian elements semimajor axis, eccentricity and eccentric anomaly of the orbit of the body, and is the time. 
Using this formulation, the generalized position coordinates of 3 are
To solve the problem it is necessary to impose that (1) and (4) have the same values, because 2 and 3 are in the same initial position. Remember that the angular velocity ( ) of the system is unit; so, can be considered to be the time as well as the angle. So, = and = (eccentric anomaly), where
This set of equations will be used to generate the solutions of the problem. Hénon's problem [35] , formulated as Lambert's problem, can be described in the way shown next [36, 37] .
(i) The position of 3 is known at = 0 (point , initial point of the transfer orbit). The position 1 can be specified as a function of the angle 0 by
It is the same value for 2 and 3 , because 2 and 3 occupy the same position at the initial moment ( = 0 ).
(ii) The position of 3 is also known at = (point , the final point of the transfer orbit). The position 2 is described by the equation
(iii) The total transfer time is given by Δ = ( − 0 ).
(iv) The total angle Δ , between the points and , for the case where the orbits are elliptic, has several possible values.
First of all, it is necessary to consider two possible choices for the transfer; the first one uses the sense of the shortest possible angle between and ("short way"), and the second one uses the sense of the longest possible angle between these two points ("long way").
After considering these two choices, it is also necessary to consider the possibilities of multirevolution transfers. In this case, the spacecraft leaves the point , makes one or more complete revolutions around 1 , and then it goes to the point . Thus, the possibilities, after combining those two factors, indicate that the values for Δ are [ − 0 + 2 ] and [2 − ( − 0 ) + 2 ]. There is no upper limit for , and this problem has an infinite number of solutions, except in the case where the orbit of 3 is parabolic or hyperbolic, where Δ has a unique value.
Lambert's problem solution is the Keplerian orbit that contains the points and and that requires the given transfer time Δ = Δ = − 0 for the spacecraft to travel between those two points. In this paper, Gooding's Lambert routine is used to solve Lambert's problem [62] .
Possible applications for this technique are interplanetary research in the Solar System, a basis for a transportation system between the Earth ( 1 ) and the Moon ( 2 ) where no orbit correction is required, and so forth.
To get the velocity variation (Δ ), the following steps are used.
(1) Find the radial and the transverse components of the velocity vector of 2 at the points and . They are also the velocity components of 3 immediately before the first impulse and immediately after the second impulse, respectively, due to the fact that their orbits intercept on those points. The following steps are used to get the [43] (a) radial velocity
(b) transverse velocity
where ] is the true anomaly.
(2) Solve Lambert's Problem for a transfer between the points and . At this instant the transfer time is also known.
(3) After obtaining the components of the velocity vector immediately before and after the impulses, it is possible to calculate the magnitude of the two impulses (Δ 1 and Δ 2 ) and to add them to obtain the total impulse required for transfer (Δ ).
Numerical Solutions for the Multiple Encounters Problem
To make numerical simulations, the procedure is to vary the initial and final positions of 2 for the maneuver. Then, the values of the velocity variation and other quantities can be calculated to find the maneuvers with the minimum consumption. The make the results easier to visualize, it is interesting to show the results considering a fixed value of 4 Mathematical Problems in Engineering 0 . Then, the solutions are given in terms of ( ∈ [ 0 , ]), which is the angle that defines the final point of the maneuver. is the maximum value for . The range of these parameters is provided as an input of the simulation. For each set of the simulated maneuvers, the figures show the solutions of the Multiple Encounters Problem.
Simulation for the Parameters
= −2.5 and ≤ ≤ = 3.5 rad. The procedure for the simulation is the following.
(1) Values of the eccentricities of the primaries, 1 and 2 , are defined. It means that the dynamical system is defined, because the maneuvers are assumed to be planar and the semimajor axis is always unitary, by the definition of the canonical units.
(2) An initial value for the point where the spacecraft leaves the body 2 is selected. In the example shown here, this value is = −2.5 rad. Simulations with different values were made, and the results were very similar.
(3) The angle that determines the point of the return of the spacecraft to 2 , , is then varied to cover the desired range for this variable. This condition also defines the duration of the transfer, because the angular velocity is unity; so, − 0 also represents the time of the transfer. Let us assume the following parameters: = −2.5; ≤ ≤ 3.5 rad. Figure 2 shows the solutions in terms of the true anomaly (]) for the situation where the eccentricity of the primary ( 2 ) is 0.5. The horizontal axis shows the value of in rad, and the vertical axis shows the true anomaly of the final point of the maneuver. Every dot in this plot represents one solution of the problem and so one transfer orbit. Note that the solutions are not unique, because the spacecraft may give several revolutions around the primary. Up to 6 revolutions were included in these simulations.
The same solutions can be seen in Figure 3 but now in terms of the eccentric anomaly ( ) for the same situation where the eccentricities of the primaries are 0.5. The horizontal axis again shows the value of in rad, and the vertical axis now shows the eccentric anomaly of the final point of the maneuver. Every dot in this plot also represents one transfer orbit and so one solution of the problem. Figure 4 shows the total velocity variations for the same solutions, where the eccentricities of the primaries are 0.5. The horizontal axis shows again the value of in rad, and the vertical axis now shows the total impulse that needs to be applied to the spacecraft to complete the maneuver. Every dot in this plot also represents one transfer orbit. It is interesting to note the large range of values for the total velocity variation (Δ ), which goes from values closer to zero to values as high as 7 canonical units. It is important to note that there are values of Δ very near to zero; so, the transfer from one body back to the same body near those conditions has a very small impulse to be performed. Figure 5 shows the semi-major axis for the same solutions. The horizontal axis shows again the value of in rad, and the vertical axis now shows the semi-major axis of the transfer orbit. Every dot in this plot also represents one transfer orbit.
Several transfer times (Δ = − ) were simulated, since the initial angle was kept constant. Among numerous transfer orbits, it is shown that there are families of solutions where the Δ required for the transfer is very small, close to zero. These orbits are good solutions, because the fuel consumption for this transfer is minimal. Solutions with minimum Δ (close to zero) provide trajectories that are good candidates for future missions. Similar simulations were performed for different values of the eccentricity. The results are similar, and so they are omitted here.
The results of those simulations with various eccentricities showed that a system of primaries with smaller eccentricities are better for the execution of Multiple Encounters Orbits, with respect to the fuel consumption, because they are smaller when compared to system of primaries with high eccentricities ( → 1). Another point is that the more eccentric the orbit of 3 , the higher the fuel consumption for the spacecraft to exit and return to the body 2 . This implies that it is more common to find better solutions (minimal Δ ) among circular orbits ( = 0) or among orbits with small eccentricities. Table 1 shows solutions where the velocity variation (Δ ) for the Multiple Encounters Problem is minimal considering eccentricities from zero to 0.9. The existence of solutions is clear with small variation of velocity in all situations, but the minimum values occur for lower values of the eccentricity of the primaries.
The Swing-By Maneuvers
The dynamics of the two bodies is used in the present formulation. The system is considered to be formed by three bodies. It is possible to say that (1) the body 1 , with finite mass, is located in the center of mass of the Cartesian system; (2) 2 , a smaller body, can be a planet or a satellite of 1 , in a Keplerian orbit around 1 ; (3) a body 3 , a spacecraft with infinitesimal mass, is traveling in a Keplerian orbit around 1 , when it makes an encounter with 2 .
This encounter changes the orbit of 3 with respect to 1 and, by the hypothesis assumed for the problem, it is considered that the orbits of 1 and 2 do not change.
Using the "patched conics" approximation, the equations that quantify those changes are available in the literature [50] . The standard maneuver can be identified by the following three parameters ( Figure 6 ):
∞ |, the magnitude of the velocity of the spacecraft with respect to 2 when approaching the celestial body; (ii) , the distance between the spacecraft and the celestial body during the closest approach; (iii) , the absolute value of the velocity at the periapsis; (iv) , the angle the approach, that is, the angle between the line connecting the primaries and the periapsis of the close approach trajectory.
Having those variables, it is possible to obtain , that is, half of the total deflection angle, by using the equation [50] 
A complete description of this maneuver and the derivation of the equations can be found in Broucke [50] . The final equations are reproduced as follows:
Hypotheses for a Swing-By with Jupiter (JGA-Jupiter Gravity Assisted) Obtained by Solving the Multiple Encounters
Problem. To solve this problem, the following assumptions are made.
(1) The system is formed by two bodies in elliptic orbits around their mutual center of mass and a third massless body moving under the action of the gravitational forces. (2) The origin of the system is placed in the center of mass. The horizontal axis is the line connecting the bodies 1 and 2 and the vertical axis is perpendicular to that line.
(3) The spacecraft leaves the point (see Figure 1 ), crosses the horizontal line (Sun-Jupiter), goes to the apsis, and then reaches the point , where the close approach occurs (see now Figure 6 ).
(4) After the close approach, the spacecraft modifies the velocity, energy, and angular momentum (11) to (13). (5) We used the canonical system of units. This formulation implies that the unit of distance is the distance between 1 (Sun) and 2 (Jupiter); the angular velocity ( ) of the motion of 1 and 2 is assumed to be unitary; the mass of the smaller primary ( 2 ) is given by = 2 /( 1 + 2 ) (where 1 and 2 are the real masses of 1 and 2 , resp.), and the mass of 2 is (1− ), to make the total mass of the system unitary; the gravitational constant is one.
In this system of units, the gravitational parameter of Jupiter is = 9.47368421 × 10 −2 . More details are available in [43] .
Swing-By with
= 0.1, = −2.5, and ≤ ≤ 3.5 rad. Numerical simulations were performed using Jupiter for the body from where the spacecraft escapes and performs the swing-by in the return trip. This situation can happen in a practical situation where it is desired to use the gravity of Jupiter to help to move a spacecraft that is around Jupiter to another location in the space, like another planet, asteroid, and so forth. The velocity (Δ ) and the energy (Δ ) variations, which depend on the final angle of the maneuver , are analyzed after the Jupiter Gravity Assisted (JGA). Among the simulation parameters, the approach distance of the spacecraft during the swing-by is an important parameter. In order to get the strongest possible results without taking the risk of colliding the spacecraft into the atmosphere of Jupiter, a value of 1.2 Jupiter radius ≈ 5.725019385545 × 10 −4 was used. Table 2 shows the solutions with maximum variations of velocity and energy.
The numerical results show that the largest gain for the velocity variation (Δ ) does not imply the largest gain in energy (Δ ), which is a consequence of (11) to (13) . Note that the variation in energy has an extra term (sin( )), affecting the magnitude of the change in energy and not the magnitude of the change in velocity. This angle is determined by the geometry of the approach, which is defined by the choices of the initial and final points of the Multiple Encounters Maneuver. Figure 7 shows the variation of velocity (Δ ) obtained from the swing-by for the situation where the eccentricity of the primaries is 0.1, the initial position of the maneuver is specified by the angle = −2.5 rad, and the final position of the maneuver (angle ) is in the range between −2.5 and 3.5 rad. Note that there are positions with very sharp maximums. Figure 8 shows the equivalent variation of the energy (Δ ). Note that, in general, the maximums are in the same position, but there are slight differences between both plots, for the reasons already explained. Varying the values of the angles ( 0 ), values of maximum gains for the variation of the energy (Δ ) and velocity (Δ ) were found. The variation of the velocity (Δ ) can also be visualized in Table 2 . It is visible that there are several points of maximum gains. Figures 9 and 10 show the balance between the velocity variations. The total Δ is the difference between the value gained from the swing-by and the value spent to maneuver the spacecraft. Figure 9 shows that there are some negative solutions. It means, physically, that the variation of velocity to maneuver the spacecraft is larger than the gain obtained from the swing-by and the maneuver should not be performed. Positive values mean that the maneuver should be done. Of course, it is interesting to look for the situations with maximum value for this maneuver. Figure 10 is an amplification of Figure 9 , considering only the positive results. In the simulations performed in this study, some results available in the literature [50] , which helps in validating the calculations performed here were also confirmed.
(i) If the swing-by occurs behind the body 2 (180 ∘ < < 360 ∘ ), there will be an energy gain (Table 2 and Figures 10 and 12 ).
(ii) If the swing-by occurs in front of the body 2 (0 ∘ < < 180 ∘ ), there will be an energy loss (Figures 10  and 12 ).
Next, Figures 11 and 12 show the importance of the angle of approach ( ) in the swing-by maneuver. For a specific value of the eccentricity of the primaries and a fixed pair of points to start and finish the maneuver ( = 0.1, = −2.5 rad, and = 3.5 rad), the variations of velocity ( Figure 11) and energy ( Figure 12 ) are shown as a function of the angle of approach ( ). The scales of the vertical axis are chosen to show the more interesting regions of the plots. An important point to remember is to look at the type of the orbit of the spacecraft before and after the swing-by (circular, elliptic, hyperbolic, and parabolic). From the two body-problem, it is known that (i) when the energy of the spacecraft is negative, the orbit is closed (circular or elliptical) and the spacecraft always remains at a finite distance from the central body, which means that the body remains orbiting
It is also important to remember that is the sum of the initial spacecraft energy plus the variation obtained from the swing-by ( + Δ ) that will establish its orbit after the maneuver, where is the energy of the spacecraft before the swing-by. So, positive and negative variations are not the only quantity to look for to see how the orbit of the spacecraft will be after the swing-by.
Next, another important question is studied related to this problem, which are the effects of the eccentricity of the primaries in the result of the swing-by maneuver in the return passage by 2 . It is necessary to remember that the variation of energy obtained from the swing-by has a strong dependence on the geometry of the close approach, a fact that is expressed by the angle of approach in the analytical equations (11) to (13) . The eccentricity of the primaries has a direct impact in this geometry, with lower values for the eccentricity generating trajectories for 3 that reaches 2 in approaches that are near parallel to the trajectory of 2 . This fact generates values near zero or for , which generates smaller values for the variation of energy. In the opposite side, values near 1.0 for the eccentricity of the primaries generate trajectories for 3 that reaches 2 in approaches that are near perpendicular to the trajectory of 2 . This fact generates values near /2 or 3 /2 for , which generates larger values for the variation of energy. To verify if this expected situation occurs, a study is made assuming 0.9 for the eccentricity of the primaries. Figures 13 and 14 show the results. For a value of the eccentricity of the primaries of 0.9 and a fixed point to start the maneuver ( = −2.5 rad), the variation of energy (Figure 11 ) is shown as a function of the point to finish the maneuver ( ). It is noticed that the maximum values reached is larger than in the situation where = 0.1 (Figure 8) . Figure 14 is basically the variation of energy also as a function of the point to start the maneuver ( ), in a threedimensional graph. It is noted that the figure is basically composed of similar planar figures that are arranged after each other. This is the main reason why the present paper concentrates in showing results for a fixed value of the point to start the maneuver ( ). It is much easier to visualize the results, and there is no loss of information. Table 3 shows the detailed results for the points with maximum variation of energy. It is interesting to note that the increase of the eccentricity of the primaries increases the cost of the initial maneuver of the spacecraft, but it also increases the gains from the swing-by. The next result shows that the gains are larger and the increase of the eccentricity is benefic for the whole maneuver.
Conclusion
Optimum space maneuvers were studied, which the goal of finding trajectories that reduces the fuel consumption for interplanetary missions. In particular, in situations where the spacecraft leaves and comes back to the same body (Multiple Encounters Problem), considering nonsymmetrical situations for the start and finish of the maneuver. Several simulations were performed and shown, and the solutions found low-cost maneuvers that can be used for the planning of real missions. Then, the study included swing-by maneuvers in the return passage by the mother body as a form of gaining energy. The numerical simulations showed that the velocity (Δ ) and the energy (Δ ) variations increase with the eccentricity of the orbit of the primaries. This fact is interesting, because it contrasts with the fact that the increase of this eccentricity generates initial maneuvers with higher costs. The simulations showed regions where the net result is positive.
It was also shown that the gravity assisted maneuvers made with the Jupiter Planet (JGA) can provide a considerable variation of velocity and energy for a spacecraft, thus reducing the costs of the mission. In the figures and tables shown in this work, it is verified that this maneuver is a powerful tool that can also be used in interplanetary missions that require that the spacecraft leaves a body and returns later to this same body. This is interesting for a maneuver that needs to move a spacecraft that is around Jupiter to send it to another location of the Solar System or beyond.
